CASCADE STABILITY OF THE DEBRIS CATALOG UNDER A TWO-COMPONENT FLUX MODEL
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Stability is analyzed with a two component model. The critical densities derived are in agreement with other estimates in the appropriate limits. The current catalog is stable for nominal decay parameters, although further growth or cascade coefficients higher than nominal could be causes for concern. Sources reduce stability, which is more of a problem at high altitudes than low.
A two-component flux model, i.e., a model that treats the evolution of the fluxes of both large, intact objects and small fragments explicitly, has been shown to give reasonable predictions of the current catalog debris distribution and of the growth or decay of debris in coming decades and centuries.1 In the long term, an important issue is whether external sources or debris collisions could drive their distributions to a configuration in which collisions could produce cascade growth. The boundary at which debris production just balances loss by decay defines the "critical density" at each altitude. In the two-component model, that is the density at which the time derivatives of both the large objects and fragments equal zero. The flux model derived for predicting debris growth can be solved analytically for that condition, which determines the steady state density of both large objects and fragments at each altitude. These critical densities are in agreement with estimates by others in the appropriate one-component limit. For two independent components, they indicate the current catalog is stable for nominal decay parameters, although further growth, larger sources, or higher than nominal cascade coefficients could be causes for concern.
1,450 km and above for nominal parameters. If cascade coefficients proved larger than expected, the critical densities would be reduced correspondingly. External sources from launch, deployment, and explosions, which have produced essentially all of the current catalog, lower critical densities, making the catalog less stable at present and progressively less stable with time. The maximum sources that produce stable distributions are determined analytically. They produce critical densities about a factor of two below the cascade-driven densities, because adding external sources reduces the possible contribution from cascading, which lowers the steady state density at each altitude.
Current sources are generally above these critical sources, so densities should grow. However, the time scales for growth are long. At 950 km, the catalog is very stable in the absence of sources, so eliminating them would recover strong stability. The reduction of the sources could be delayed for several centuries, and the catalog would still cease to grow when Two component results show that the catalog is strongly stable at 950 km; less stable at those sources were eliminated. At 1,450 km, the catalog is marginally stable without sources and strongly unstable with them, so if sources remain at current levels, the boundary to instability should eventually be crossed. Eliminating the sources thereafter would no longer eliminate growth, which would then be driven by cascading. However, doubling times would be millennia1 and the total number of objects produced would be bounded.
Two-component flux model. The orbital decay model used below is an adaptation of one developed for stability calculations, which retains some measure of the eccentricity of the companion note describes how that model can be expanded to treat the both large, intact objects and small debris fragments and how the two eccentricities of the large objects and fragments can each be collapsed to a single density with an appropriate average lifetime.3 The resulting two equations for the two component densities at each altitude are the basic model used here. The model divides the atmosphere e 2,000 km into 100 km bins, and divides the number of particles in each altitude bin into large objects, N, and fragments, n, with the dividing line between them being about 0.5 m2. 4 The densities of the large objects and fragments evolve under debris distribution but remains simple enough for understanding and parameter variations.=! A . '
. .
where the dependence of the equations on altitude, z, is suppressed, although such an equation holds for the two component densities in each 100 km altitude bin. The first term on the right hand side of each equation is the rate of production of fragments from launches and explosions, which are denoted by S and s for large objects and fragments, respectively. The second term represents decay at rates 1/T and l/t for the large objects and fragments. The third is the flux of particles decaying from higher orbits, which is not important at the high altitudes of concern here, and is ignored below. The last is the collisional cascading rate for the total of N + n particles and cascade coefficient Q, which is evaluated directly from the AFSPC debris catalog, 5 as is f, the fraction of objects produced by a collision that are large, which is about f = 0.2. Stability, or more properly steady state, is defined by the conditions dN/dt = dn/dt = 0, for which Eqs. (1) and (2) can each be solved for from which
.Itc In this nearly trivial limit, the only important parameter is the cascade coefficient Q. Figure 1 shows the critical density N + n together with the current debris catalog Neat as functions of altitude for nominal cascade coefficients, zero sources (S = s = 0), and equal large object and fragment decay rates, T = t = 100 years, Le., all objects being treated & large objects. Only the potentially unstable region from 800 km to 1,600 km is shown. The top curve at low altitudes is the critical density, which is denoted by solid squares. At 850 km, it has a value of about 1,900. It falls sharply to about 800 objects at 950 km; increases to about 1,000 objects by 1,050 km; then falls exponentially-crossing the curve for the current catalog at about 1,400 km. km and above, this curve is interpreted by NASA as indicating instability in its publications,6 with which Fig. 1 is in good agreement for this one component limit. However, those onecomponent results differ strongly with the two-component analysis below. The choices f = 1/2 and t = T give the result N = l/TQ of Eq. (6). For t = 0, it reduces to l/TfQ, for which the critical density is increased by the reciprocal of the large object fraction, which is about 0.2, the value used in constructing Fig. 2 .7 Equation (7) holds for fragment areal densities from the 3 kg/m2 used in Fig to 10 -30 kg/m2. The fragments are produced on orbit, their m a l densities are not directly measurable, and are known only imprecisely. Thus, this lack of sensitivity to the detailed values of those areal densities is an advantage in interpretation.8 Figure 2 shows the critical density for the nominal mix of large objects and small fragments. The catalog is as above, only the scale has changed. For the mix of large and small objects, the critical density starts at 8,500 at 850 km, and falls somewhat more slowly. At 950 km, Ncrit is about 3,500, which is about 4 times larger than Neat, indicating that the catalog is strongly stable for this mix. The critical density falls gradually with altitude, but by 1,450 km, it has fallen to only 10% larger than Neat. Thus, the catalog is stable there, but the margin is much smaller than at lower altitudes.
Model differences. The differences between Figs. 1 and 2 are significant. The former is interpreted as meaning that the current catalog is unstable around 950 and 1,450 km. The two component results using the same parameters shows that the catalog is strongly stable at 950 km
As the critical density lies slightly below the catalog at 950 km and well below it at 1,450
Two-component results. The two component model with zero sources corresponds to
and slightly stable at 1,450 km and above. As the only difference between the two calculations is the inclusion of the fragments, which are a measured and important portion of the total density, it would appear that NASA's conclusion that the regions around 950 and 1,450 km are unstable is an artifact of basing their analysis on a singe component model for large objects only, which cannot be justified physically. When both of the two components, large objects and fragments, are included, the current catalog is stable for all altitudes.
about equal effectiveness in collisions. However, the small fragments are more influenced by .
drag, so they are removed faster. That reduces the number of objects avdlable for collisions, which increases the critical density needed for self-sustaining interaction. That is the basis for the greater stability of the two component model relative to that of the one component, large object only model discussed earlier.
Cascading. Figures 1 and 2 are constructed for nominal cascade rates. There is some question about these rates, as the experimental basis for them is limited and little evidence of collision on orbit.9 As shown in Eqs. (5)- (7), the critical density scales inversely on the cascade coefficient. If cascade coefficients proved larger than expected, the critical densities would be reduced correspondingly. At altitudes of interest, the cascade coefficients are at issue by about a factor of 2. Figure 3 shows the result of increasing the cascade coefficient by a factor of four in two-component calculations with T = 100 years and t = 3 years. The result looks much like Fig.  1 , because decreasing t from 100 to 3 with f = 0.2 increases Ncrit by about a factor of 5, but increasing Q by a factor of 4 reduces it by a factor of 4, leaving it about at the curve for large objects only. The major concern is again the large peak at 1,450 km. An offsetting factor is the fact that fragment production is not local. Collisions scatter fragments onto orbits several hundred kilometers higher or lower than their point of origin. That averaging redistributes the fragments produced over a larger space, which reduces their density and collision rate at altitudes of concern. It has been suggested that this effect can be treated approximately by reducing the effective cascade coefficient by about a factor of three,lo which would essentially recover Fig.. 2. Treating this non-local deposition of fragments would, however, involve coupling the nonlinear terms in Eqs. (1) and (2) between adjacent altitudes, which would make analytic solution difficult or impossible, so it is not pursued further here. Realizability of postulated static critical densities. Figure. 4 shows the current catalog along with its large object and fragment components, according to the definitions used above. The large objects are about 25% of the total. Their contribution is concentrated in the lower peak at 950 km; their contribution at 1,450 km is 10-15%. Figure 5 shows the catalog, critical, large object, and fragment densities versus altitude. The large object density is most of the critical density. It is much larger than the fragment and catalog densities, which are of comparable Large objects and fragments are created in comparable numbers, q d can participate with magnitude to each other and an order of magnitude smaller than the total and large object critical densities. Thus, while these derived densities are by definition stable, Le., time independent, it is not clear how the large object and fragment distributions could get to them from the present distributions, which have quite different relative magnitudes and structures. The gap is much smaller at 1,450 km, although there the critical density still implies a large object density about an order of magnitude larger than the small object density, while in the current catalog, those proportions are reversed.
The catalog is continuing to grow in time. If the debris sources remain distributed in the future as they have been in the past, the catalog will rise, reach, and cross the critical density. While there is a large gap between the catalog and critical density at 950 km that could take centuries to close, the gap at 1,450 km is small, and the catalog is also growing rapidly there. There appears to be a temporary respite due to the cessation of Soviet Launches to that altitude, but if they are resumed, the time for closure could be decades.
The calculations above ignore debris sources other than collisional cascading. There are also sources from launch, deployment, and explosions, which have produced essentially all of the current catalog. While the analysis of the full catalog is complicated, a significant simplification results from the recognition that the fraction of large objects from an explosion is about the same as the distribution from a collision; thus R = s/S, which means U = 0 and V = Rt/T = st/ST, the ratio of the steady state densities of fragments and large objects when these sources dominate collisions. These values give n = (Rt/T)N and a = fQ[1+ (Rt/T)2], b = -UT, c = S , which produce (8) For t << T, this reduces to (9) which shows that including external sources decrease the critical density, because they leave less production from collisional cascading for a given rate of orbital decay.
The largest source that permits a steady state solution is determined by setting the determinant b2 -4ac in Eq. (8) to zero, which gives (10) shown in Fig. 6 . The critical source from Eq. (10) is shown by the open squares, which range from = 4/yr at 850 km to 0.005/yr at 1,550 km. The dominant scaling is on T2, which means the critical source falls exponentially with a scale height about half that of the atmosphere, or = 120
km. The actual current sources are shown by the top curve denoted by the solid squares. They start at about 5/yr at 850-950 km, drop to 0.7/yr at 1,150-1,350 km, and then rise to 2-3/yr at Sources. While the distributions of Fig. 2 are stable, the catalog shown is, that of today.
-
1,450-1,550 km.
The current sources are above the critical sources, which means the densities will continue to grow as long as those sources are imposed. The critical and actual sources are fairly close at 850 km, which means reducing the sources slightly would eliminate growth there. However, the gap between them is an order of magnitude at 950 km, which means for stability, a 10-fold reduction would be required there as well as at 1,150-1,300 km. At 1,450 km, the sources would have to be reduced by about a factor of 100 to prevent growth.
state density sustained by both external sources and cascading which is about 1/2 the critical density of Eq. (7) based on cascading only. As expected, adding external sources reduces the possible contribution from cascading, which lowers the steady state value of N at each altitude. Growth rates. While this note primarily discusses static solutions, some observations can be made about growth rates for large external sources. At 950 km, the current sources are about an order of magnitude above the critical sources, which means the density would grow at about a net rate of 6/yr. The catalog is about 1,000 objects there, so the source-driven doubling time would be about 1,000 objects / 6 objectdyr = 170 years. That is to be contrasted to cascade growth, which has a coefficient of = 10-6/object-yr, here, which gives a doubling time of = 1/(1,OOO x 10-6/object-yr) = 1,000 years. For fixed sources, the debris growth would be dominated by external sources for a number of centuries before cascading became significant. At 1,450 km there are about 600 catalog objects, and the source rate is about 3/yr, so the external source doubling time would be about 200 years and the cascade doubling time = 1/(600 x 3xlO-7/object-yr) I= 6000 years. Thus, current sources would not produce dangerous levels of debris for = 10,000 / 3/yr = 3,000 years, and cascading would not become significant for about half that interval. Thus, while the region at 1,450 km is unstable to current sources and difficult to stabilize without eliminating those sources entirely, the time scales for externally supported and cascade growth are quite long there.
The addition of external sources lowers critical densities, making the catalog less stable at present and progressively less stable with time. However, current sources are such that the time scales for source-supported and cascade growth are long. These issues are manifested in different ways at low and high altitudes. Around 950 km, the catalog is very stable in the absence of sources, so eliminating them would recover strong stability even at higher catalog debris levels. That means the reduction of debris could be delayed for several centuries, and the = 10% larger catalog would still cease to grow when those sources were eliminated. Around 1,450 km, the catalog is marginally stable without sources and strongly unstable with them. If the current sources are maintained there, the boundary to instability could be Substituting the critical source of Eq. (10) ( 1 1) stability, even at higher catalog debris levels, which means the reduction of debris could be delayed for several centuries, and the catalog would still cease to grow when those sources were eliminated. At 1,450 km, the catalog is marginally stable without sources and strongly unstable with them, so if sources remained at current levels, the boundary to instability should eventually be crossed. Eliminating the sources thereafter would no longer eliminate growth, which would then be driven by cascading. However, the doubling times would be millennial and the total number of objects produced would be bounded. Eliminating the sources at high altitudes soon would maintain the marginal stability there.
crossed. Eliminating the sources thereafter would no longer eliminate growth, as it would then be driven by cascading, although the doubling times would be millennial and the total number of objects produced would be bounded. Eliminating the sources at high altitudes soon would at best maintain the marginal stability there. To be effective, the reduction would have to be implemented promptly, and the catalog might continue to grow slowly there even then, because of the uncertainties in the models discussed above.
Summary and conclusions. An important long-term issue is whether debris sources could produce a debris distribution in which collisions could produce cascade growth. A twocomponent model gives reasonable predictions of the current catalog debris distribution, the growth or decay of debris in coming decades and centuries, and the stability of debris configurations. For useful predictions, at least a two-component treatment is essential. The model used retains some measure of the eccentricity of the debris distribution, but is expanded to treat both large, intact objects and small debris fragments through single densities with appropriate average lifetimes. The critical densities derived in the one-component limit are in agreement with other estimates.
Two component results show that the catalog is strongly stable at 950 km; less stable at 1,450 km and above. NASA's conclusion that the regions around 950 and 1,450 km are unstable appears to be an artifact of their use of a singe component model for large objects only in their analysis. The critical density scales inversely on the cascade coefficient. If cascade coefficients proved larger than expected, the critical densities would be reduced correspondingly. The maximum expected variation in this altitude region is about a factor of two, which would impact stability at 1,450 km but not at 950 km. This sensitivity is apparently offset by the non-locality of the fragment deposition. The realizability of postulated static critical densities is unclear, as they involve much larger fractions of large objects than are present in the current catalog.
The addition of external sources lowers critical densities, making the catalog less stable at present and progressively less stable with time. External sources such as objects from launch, deployment, and explosions have produced essentially all of the current catalog. Their analysis is simplified by the recognition that the fraction of large objects from explosions is about the same as that from collisions. The maximum source that is stable at each altitude can be determined analytically, and depends inversely on the product of the fraction of large objects, the cascade coefficient, and the square of the large object decay time. Those sources produce critical densities a factor of two below the cascade-driven densities, as adding external sources reduces the possible contribution from cascading, which lowers the steady state density at each altitude.
Current sources are generally above these critical sources, so densities should grow. However, the time scales for source-supported and cascade growth are long. At 950 km, the catalog is very stable in the absence of sources, so eliminating them would recover strong 
